Abstract-Spectrum sharing is not typically used in current cellular networks, because it only provides a slight performance improvement while requiring a heavy coordination among different cellular operators. However, these problems can be potentially overcome in millimeter wave (mmWave) networks, thanks to beamforming both at base stations and at user equipments. This paper investigates up to which extent spectrum sharing in mmWave networks with multiple cellular operators is a viable alternative to the traditional dedicated spectrum allocation. Specifically, we develop a general mathematical framework to characterize the performance gain that the users can experience by spectrum sharing as a function of the underlying beamforming, operator coordination, bandwidth, and infrastructure sharing scenarios. The framework is based on a joint beamforming and base station association optimization with the objective of maximizing the long-term throughput of the users. Asymptotic and non-asymptotic performance analysis reveals that 1) spectrum sharing with light on-demand intra-and interoperator coordination is feasible, especially at higher mmWave frequencies (e.g., 73 GHz); 2) directional communications at the user equipments substantially alleviate the disadvantages of spectrum sharing (e.g., higher multiuser interference); 3) larger number of antenna elements can reduce the need for coordination and simplify the implementation of spectrum sharing; 4) while inter-operator coordination can be neglected in the large-antenna regime, intra-operator coordination can still bring gains by balancing the network load; and 5) critical control signals among base stations, operators, and user equipments should be protected from the adverse effects of spectrum sharing, e.g., by exclusive resource allocation. The results of this paper, and their extensions obtained by relaxing some ideal assumptions, can provide fundamental insights for future standardization and spectrum policy.
I. INTRODUCTION
The scarcity of available microwave spectrum and the significant predicted increase in demand for mobile services have led researchers in both academia and industry to look at millimeter-wave (mmWave) systems as the new frontier of wireless communication. At the same time, preparatory studies for the 2019 World Radio Conference are ongoing to identify new harmonized bands for mobile services in the mmWave frequency range. Unfortunately, the availability of spectrum for mobile services presents limitations even at mmWave frequencies, particularly if one considers the H. Shokri-Ghadikolaei, C. Fischione, and G. Fodor are with KTH Royal Institute of Technology, Stockholm, Sweden (email: {hshokri, carlofi, gaborf}@kth.se).
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requirements of other systems that may also use these bands in the future, including satellite and fixed services [1] . This is further exacerbated if we also consider the need to license mobile bands to multiple operators 1 and thereby foster healthy competition in the market. Therefore, it is essential to seek an optimal use of the spectrum, with the ultimate goal of maximizing the benefits for the citizens.
A. State-of-art on spectrum sharing at mmWave Recently, spectrum sharing between multiple operators has been proposed as a way to allow a more efficient use of the spectrum at mmWave networks. Preliminary works showed that the specific features of mmWave frequencies, including the propagation characteristics and the narrow beams due very directional beamforming, are important enablers for spectrum sharing. In [2] , a mechanism that allows two different IEEE 802.11ad access points to transmit over the same time/frequency resources was proposed. This is realized by introducing a new signaling report broadcast by each access point, in such a way as to establish an interference database to support scheduling decisions. A similar approach was proposed in [3] for mmWave cellular systems, with both centralized and distributed coordination among operators. In the centralized case, a new architectural entity receives information about the interference measured by each network and determines which links cannot be scheduled simultaneously. In the decentralized case, the victim network sends a message to the interfering network with a proposed coordination pattern. The two networks can further refine the coordination pattern via multiple iterations.
In [4] , the feasibility of sharing the mmWave spectrum jointly among the D2D/cellular and access/backhaul networks is investigated, and a new MAC layer is proposed to regulate concurrent transmissions in a centralized manner. In [5] , the interference in uncoordinated ad hoc mmWave networks is investigated, and it is shown that, under certain conditions, simple scheduling policies with no coordination can be as good as the complicated ones with full coordination. The main reason is the sporadic presence of strong interference that requires on-demand handling. This is in agreement with the recent analysis of the MAC layer of mmWave cellular networks that shows the need for only on-demand inter-cell interference management [6] . Reference [7] investigates the feasibility of spectrum sharing in mmWave cellular networks and shows that under certain conditions (e.g., idealized antenna pattern), spectrum sharing may be beneficial even without The pros and cons of spectrum sharing in mmWave networks are determined by four main parameters, namely the choice of beamforming, amount of information exchange (coordination), bandwidth sharing, and infrastructure sharing. For a given input scenario, the tradeoff between performance gain and protocol overhead determines if this sharing scenario is beneficial.
any coordination in the entire network. Reference [8] shows that infrastructure sharing in mmWave cellular networks is also beneficial and its gain is almost identical to that of spectrum sharing. Reference [1] discusses the architectures and protocols required to make spectrum sharing work in practical mmWave cellular networks and provides some preliminary results on the importance of coordination. Reference [9] studies the performance of a hybrid spectrum scheme where exclusive access is used at frequencies in the 20/30 GHz range while spectrum sharing (or equivalently unlicensed spectrum) is used at frequencies around 70 GHz.
Generally speaking, the pros and cons of spectrum sharing in mmWave networks are determined by four main parameters: the choice of beamforming, amount of information exchange (coordination), bandwidth sharing, and infrastructure sharing; see Fig. 1 . Beamforming both at the transmitter and at the receiver is the main technological enabler of spectrum sharing. Although full digital beamforming provides the highest flexibility in beam formation (and therefore in the achievable gain), it imposes high costs in terms of required radio frequency chains. Analog and hybrid analog-digital beamforming strategies are consequently proposed as practically viable solutions for mmWave networks [10] - [12] . Besides beamforming, the level of coordination, both within an operator (hereafter called intra-operator coordination) and among different operators (hereafter called inter-operator coordination), has also a substantial influence on the feasibility of sharing. With no coordination (neither inter-nor intra-operator), spectrum sharing may not be even beneficial in general, especially in traditional microwave networks. Full coordination may bring substantial performance gains in terms of throughput and energy, especially because it enables complementary techniques such joint precoding and load balancing [13] . The problem is the huge cost of channel estimation and the unaffordable complexity in the core networks in a multi-operator scenario. Another important parameter is the amount of bandwidth shared among operators. Increasing the bandwidth (e.g., by sharing the spectrum of more operators) may improve the achievable capacity by a prelog factor (i.e., a factor outside the log function), but also has two negative consequences, namely higher noise power and higher inter-operator interference, which result in lower signal-to-interference-plus-noise ratio (SINR). Spectrum sharing is then beneficial if the contribution of the prelog factor dominates the resulting SINR reduction. Infrastructure sharing, along with network virtualization, is another parameter that affects the performance of spectrum sharing [14] . For a given input scenario, the tradeoff between performance gain and protocol overhead determines whether or not this scenario is beneficial for spectrum sharing.
B. Contribution of this work
The motivation of our work is to investigate the value of beamforming and coordination for spectrum sharing in mmWave networks. To this end, we develop a general mathematical framework based on a joint beamforming design and base station (BS) association with the objective of maximizing the long-term throughput with fairness guarantees (load balancing). We first focus on an analog beamforming architecture and formulate a multi-objective optimization problem that finds the optimal association and beamforming when full coordination is available. We then particularize this optimization problem to the cases when either only intra-operator coordination or no coordination is available. These optimization problems characterize lower bounds on the performance of spectrum sharing. We formulate similar optimization problems for the digital beamforming architecture when considering different coordination options, which characterize upper bounds on the performance gain. These optimization problems allow the incorporation of any scenarios for bandwidth and infrastructure sharing, and also for any spatial distributions of the user equipments (UEs) and the BSs. Furthermore, we analyze these optimization problems in the asymptotic regimes when the number of antennas either at the BSs or at the UEs grows large, and show under which conditions inter-operator coordination (one of the main complexities of spectrum sharing) can be totally eliminated with no performance penalty. Besides asymptotic performance analysis, we also provide some discussion about the impact of limited feedback, imperfect channel state information (CSI) knowledge, and quantized beamforming codebooks on the sharing performance.
The main conclusions of our work are as follows: 1) spectrum sharing with light on-demand intra-and inter-operator coordination is feasible, especially at higher mmWave frequencies (e.g., 73 GHz); 2) directional communications at the UEs substantially alleviate the disadvantages of spectrum sharing; 3) larger antenna sizes or equivalently narrower beams reduce the need for coordination and simplify the realization of spectrum sharing; 4) while inter-operator coordination can be neglected in the large antenna regime, intra-operator coordination can still bring gains by balancing the network load; and 5) critical control signals should be protected from the adverse effects of spectrum sharing, e.g., by exclusive resource allocation. We believe that this work provides important contributions to answer the following fundamental questions related to future mmWave networks: for a given amount of contiguous mmWave spectrum for mobile applications, what is the spectrum access scheme that allows the optimal utilization of the spectrum and the highest benefit to society, how much intra-and inter-operator coordination is required to make spectrum sharing work at mmWave bands, what are the parameters affecting the feasibility of spectrum sharing and what are proper values for those parameters? The rest of this paper is organized as follows. Section II presents the system model used in this paper. Sections III and IV formulate optimization problems to study the feasibility of spectrum sharing with analog and digital precoding, respectively. Section V analyzes the performance of spectrum sharing in the asymptotic regimes. We present numerical results in Section VI and conclude the paper in Section VII.
II. SYSTEM MODEL

A. Network Model
We consider the downlink of a multi-operator cellular network with total bandwidth W , which should be shared among Z operators in the network. Let B z be the set of BSs of operator z, and B = B 1 ∪ B 1 ∪ . . . ∪ B Z be the set of all BSs in the network. Note that the spatial distribution of the BSs of each operator z and also infrastructure sharing are embedded in B z . For instance, with no infrastructure sharing, {B z } Z z=1 are disjoint sets. We denote by U the set of all UEs, by U z the set of UEs of operator z, and by W z the bandwidth of operator z. Without loss of generality, we assume universal frequency reuse within an operator, so all the non-serving BSs of an operator cause interference to every UE of that operator in the downlink. Table I lists the main symbols used in the paper.
We denote by x bu a binary variable that is equal to 1 if UE u ∈ U is served by BS b ∈ B, and by n b = u∈U x bu and A b the number and the set of UEs that are being served by BS b, respectively. We also call n b the load of BS b. Note that without national roaming, each BS can serve only UEs of the same operator. Namely, x bu = 0 for all b ∈ B z , u ∈ B k where z = k. In general, association is a long-term decision in the sense that it is fixed over many coherence time intervals. We define the association period as the consecutive coherence intervals over which an association remains unchanged, see Fig. 2 . For a given association, beamforming should be redesigned every coherence time, and short-term scheduling should be recalculated after a small number of coherence intervals (e.g., 10 ms in LTE [15] ). In this regard, association is also called long-term resource sharing or load partitioning [16] . In this paper, we optimally design association; i.e., we find the optimal A b for all BSs and all operators. For short-term scheduling, we ensure that each BS can serve all its UEs simultaneously (by assuming a sufficiently large number of RF chains at each BS). By this assumption, we avoid the interplay between the short-term resource allocation problem and the association problem, which should be handled at different time scales. This simplification leads to simpler mathematical formulations and delivers more design insights. The extension to the general case is left for future work.
B. Antenna and Channel Model
We consider a half wavelength uniform linear array (ULA) of N BS antenna elements for all BSs and a ULA of N UE antennas for all UEs, albeit our mathematical framework can be easily extended to other antenna models. We consider a narrowband geometrical channel model [12] , with a random number of paths between every BS and every UE. This model can be transformed into the well-known virtual channel model of [17] and also into the cluster channel model of [18] . Let N bu be the number of paths between BS b ∈ B and UE u ∈ B, and g bun be the complex gain of the n-th path that includes both path loss and small scale fading. In particular, g bun is a zero-mean complex Normal random variable with
where L bu in the path loss between BS b and UE u and consists of a constant attenuation, a distance dependent attenuation, and a large scale Lognormal fading [18] . The channel matrix between BS b and UE u is given by
where a BS ∈ C NBS and a UE ∈ C NUE are the vector response functions of the BSs' and UEs' antenna arrays to the angles of arrival and departure (AoAs and AoDs), θ BS bun is the AoD of the n-th path, θ UE bun is the AoA of the n-th path, and (·)
* is the conjugate transpose operator. For ULA of antennas with half wavelength antenna spacing at the BS, we have
(2) The parameters of the channel model depend both on the carrier frequency and on being in line-of-sight (LoS) or nonLoS conditions and are given in [18, Table I ]. The AoAs and AoDs depend on the spatial distribution of the BSs, UEs, and on the scattering in the environment. For instance, if they follow independent homogenous Poisson point processes, θ UE bun and θ BS bun (for all z, b, u, and n) will be independent random variables with uniform distribution in [0, 2π]. The path loss, AoAs, and AoDs depend on the second-order statistics of the wireless channel, which remains unchanged as long as the scattering geometry relative to the corresponding user remains unchanged. Even if the user changes its position by some meters, the channel second order statistics remain unchanged [19] .
C. Beamforming Model
To reduce UE power consumption while providing sufficiently good performance, we consider an analog combiner using phase shifters at the UE side (only one RF chain per UE). With these phase shifters, each UE can only change its antenna boresight based on a predefined codebook W UE , whose cardinality mainly depends on the feedback size. For example, 4-bit feedback allows 16 different vectors in the codebook. Supposing that UE u will be served by BS b, its combining vector is w
is the precoding vector for UE u. In the following, we introduce the precoding strategies considered in the next sections. In short, all the UEs always use analog combiner, whereas the precoder at the BSs can be either analog or digital.
1) Analog Precoding:
We assume N r RF chains at each BS, where 1 ≤ N r N BS . 2 Each RF chain can serve only one UE at a time; however, the BS can serve multiple UEs at the same time. To avoid unnecessary complications due to short-term scheduling, we assume that all the UEs will always be served by their BSs. To ensure this, we put condition n b ≤ N r for all BSs and all operators in the next sections.
We assume that the total transmission power p will be divided equally among all active RF chains, so the transmission power of BS b toward its individual UEs is p/n b , where n b is the BS load (number of its active RF chains). The received power of UE u from BS b is p| w
The RF precoding and combining vectors try to maximize the received power. Formally, they are the solution of the following 2 Difference to the hybrid precoder is the lack of digital precoder. In other words, signals of individual RF chains will not be jointly processed here, giving a lower bound on the achievable performance.
optimization problem:
subject to w
where W BS is the precoding codebook of the BSs. For a given channel matrix, solving optimization problem (3) requires, in the worst case, an exhaustive search over W UE W BS choices of the BS precoders and UE combiners. The solution of (3) may vary in every coherence time. However, as we show in Section V, asymptotically, the optimal analog precoder and combiner basically depend only on the second order statistics of the channel as also suggested in [11] , [20] . This property allows asymptotic performance analysis for spectrum sharing.
2) Digital Precoding: Here, we assume N r = N BS RF chains at all BSs. Again, we allow a total transmission power p at each BS. As the beamforming and association problems should be handled at different time scales, we optimize the user association problem in Section IV given a reasonable precoding scheme. First we note that the transmitted symbols of BS b are
are the data symbols for the n b UEs of this cell. The parameter λ b normalizes the average transmit power of the BS to p, namely
The precoding matrix depends on the precoding scheme and also on the amount of information available at the BS. In this paper, we consider two digital precoding strategies of practical interest: maximum ratio transmission (MRT) and regularized zero forcing (RZF). Define H as the effective channel that contains the effect of analog combiners of some of the UEs; see Section IV for the formal definition of H. Given H, the combining vectors are the solution of the following optimization problem:
where c is an arbitrary positive number, I is the identity matrix of the same size as H, [A] u is the u-th column of matrix A, and (·) † is the pseudo-inverse operation. In Section IV, we characterize H based on the information available at each BS.
III. SPECTRUM SHARING WITH ANALOG BEAMFORMING
In this section, we characterize the gain of spectrum sharing with analog precoding at the BSs when considering different coordination scenarios.
A. SINR and Rate Models
The received power at each UE u ∈ U z when the serving BS is b ∈ B z is the summation of five components: desired power P , intra-cell interference I 1 , inter-cell interference I 2 , inter-operator interference I 3 , and the noise power σ 2 . I 1 corresponds to the signals transmitted to other UEs of the same BS. I 2 corresponds to the interference from the signals transmitted by other BSs of the same network operator. I 3 corresponds to the interference from the signals transmitted by all BSs of other operators B \ B z toward their own UEs.
We first note that the received power of UE u from BS b is p| w
To calculate the interference terms, recall the definitions of the binary association variables x ij , the set of associated UEs A i , and the load of a BS n i , for each BS i and UE j. It follows that
where p/n b is the transmit power of BS b toward UE u. Similarly, we have
For each UE u, inter-operator interference I 3 depends on the set of operators (and BSs) that share the same bandwidth. Without loss of generality of the developed mathematical framework, we consider only a full bandwidth sharing scenario, namely the total bandwidth W is reused by all operators, i.e., W z = W . With Universal frequency reuse, each UE u receives interference from all BSs of all operators, except from its own serving BS. Therefore, the inter-operator interference can be expressed as
and the average rate that UE u can get from BS b conditioned on the network topology is
where the expectation is over all random channel gains. The long-term rate that UE u will receive from all BSs of operator z is equal to r u = b∈Bz x bu r bu . Sharing the spectrum increases the bandwidth available to each operator (with a prelog contribution to the rate in high SINR regimes); however it also increases the interference power. We collect all control variables x bu in matrix X z for all operators 1 ≤ z ≤ Z, and let X = diag(X 1 , X 2 , . . . , X Z ). For each operator z, the intra-and inter-cell interference terms, I 1 and I 2 , are functions of only X z . However, the inter-operator interference I 3 is a function of the association solutions of other operators
,i =z . Therefore, r u depends on the association solutions of all operators X.
Note that the association solution remains unchanged in the calculation of (9) . This solution might not be optimal over some coherence time intervals; however, it leads to the maximum average rate in the long run. We note the following: Remark 1. Equation (9) provides a lower bound on the average rate that BS b gives to UE u. After finding the association solution based on this objective function, intraoperator and inter-operator coordination in designing timefrequency scheduling can further reduce I 2 and I 3 , respectively. These short-term adaptations statistically improve the rate of individual UEs.
B. Optimal Association with Sharing and Full Coordination
To ensure both high network throughput and some level of fairness among individual UEs, we consider proportional fairness as the network utility of each operator. In particular, the objective function of operator z is
To find the optimal association, we can formulate the following multi-objective optimization problem:
subject to beamforming design (3) ,
Constraint (11c) guarantees association to only one BS, mitigating joint scheduling requirements among BSs. Constraint (11d) ensures that n b ≤ N r , so all n b UEs that are associated to BS b can be served together with MU-MIMO. If n b < N r , some RF chains will be off, and the BS gives higher transmit power to the active RF chains. Constraint (11f) ensures that the UEs of operator z can be only served by BSs of the same operator (no national roaming). Notice that optimization problem (11) can be easily extended to allow national roaming by just removing (11f) and simple modifications of (11c)-(11d). It is difficult to find the Pareto optimal solution of P 1 directly from the optimization problem. The general approach to address multi-objective optimization problems is to transform them into a scalar problem (scalarization). The weighted Tchebycheff method is an efficient scalarization approach that provides the complete Pareto optimal solutions with light computational complexity [21] . Therefore, we adopt it as the scalarization method in this paper. Note that the main aim of this paper is to understand the feasibility of spectrum sharing in mmWave networks, and efficient solution methods for P 1 are left for future work. In the following subsections, we pose other variations of optimization problem P 1 when we have different coordination levels and beamforming schemes. The solution of P 1 provides long-term resource allocation policies for the network. This solution is valid as long as the input of the optimization problem, i.e., the network topology, remains unchanged. Once either a UE loses its connection (for instance, due to a temporary obstacle), or the channel statistics changes (for instance, due to mobility) optimization problem P 1 has to be re-executed.
Remark 2 (Operating Frequency
Remark 4 (Complexity of P 1 ). To optimally solve P 1 , we need CSI toward all UEs at all BSs. Given such knowledge, full intra-and inter-operator coordination is required to solve P 1 . In particular, all BSs should exchange their loads, current association solutions, and objective values.
According to Remark 4, the BSs of every operator should be able to send/receive some pilot signals of all UEs of all operators, and exchange a huge amount of information with a central controller, which should then solve P 1 . The complexity and cost of such level of channel estimation and coordination grow large with the number of BSs and UEs, and is in general overwhelming for mmWave networks with dense BS deployment. Moreover, if BSs or UEs belong to different network operators, a huge inter-operator signaling via the core networks is required. We address these issues in the next subsection. Nonetheless, the solution of P 1 gives a theoretical upper bound on the performance gain due to spectrum sharing with analog precoders, which we further use as a benchmark for the performance of more practical sharing scenarios.
C. Optimal Association with Sharing and no Inter-operator Coordination
To alleviate the cost and complexity of P 1 , we enforce the following design constraints. First, each operator maximizes only its own benefit without taking the objective of other operators into account. Second, the inter-cell interference I 3 is approximated by a quantity I 3 that depends only on X z for each operator z. Consequently, f z can be calculated without any inter-operator coordination. By substituting I 3 into (9), and the new r bu into (10), we pose the following optimization problem for each operator z:
subject to beamforming design (3) , (12b)
which can be independently solved by individual operators.
Remark 5 (Complexity of P 2 ). Optimization problem P 2 requires neither inter-operator CSI knowledge nor interoperator coordination. However, it still needs full CSI knowledge and coordination within one operator. Moreover, P 2 can be solved by individual operators in parallel, and has substantially less dimensions than P 1 , thus its computational complexity is significantly less than that of P 1 .
Remark 6 (Optimality of P 2 ). If I 3 is small compared to the noise power, which occurs under large antenna regimes or sparse mmWave networks, the solution would not be too sensitive to the estimation error, namely | I 3 − I 3 |. However, as I 3 increases, deriving the optimal solution of P 1 becomes more sensitive to the approximation error, making inter-network cooperation more important.
Remark 6 implies that interference-limited networks require a very good estimation of I 3 , and without it, their performance can be severely degraded after spectrum sharing. This indeed reduces the benefits of spectrum sharing in traditional "interference-limited" cellular networks, as we will observe in Section V. References [5] , [23] have analyzed the interference level in mmWave networks.
D. Practical Association with Sharing and no Coordination
Many practical systems consider RSSI-based association, which requires neither inter-nor intra-operator coordination for the association phase. Besides this lack of coordination, RSSI-based association cannot balance the network load, which may lead to a substantial drop in both per-user throughput and fairness [16] . In short, each UE will be associated to the BS that can provide the highest received power. For benchmarking purpose, we consider this spectrum sharing option in the numerical results.
E. Optimal Association with no Sharing
In the no spectrum sharing scenario, we assume that bandwidth W is, without loss of generality, equally divided among all Z operators. With universal frequency reuse, the bandwidth available to each BS is then W z = W/Z. Due to non-overlapping bandwidths, the inter-operator interference is I 3 = 0. Then, similar to the previous subsection, for each operator z, f z depends only on X z . By substituting W z and I 3 = 0 into (9), and the new r bu into (10), we can formulate an association optimization problem for every operator z. This optimization problem, hereafter called P 3 , is identical to (12) , and the only difference is in the calculation of the objective function. Remarks 5 and 6 hold for P 3 as well. In particular, as I 3 = 0, inter-operator coordination will not bring any gain to spectrum sharing.
So far, we derived optimization problems that can characterize a lower bound on the performance gain with spectrum sharing. The main reason is that, first, we use analog precoders, which may not effectively cancel the multiuser interference and lacks multiplexing gain. Second, we did not apply optimal short-term time-frequency scheduling, further increasing the interference. In the next section, we find an upper bound on the sharing performance by considering digital precoding at the BSs.
IV. SPECTRUM SHARING WITH DIGITAL BEAMFORMING
In this section, we characterize the gain of spectrum sharing with digital precoding at the BSs when considering different coordination scenarios.
A. SINR and Rate Models
Using a digital precoder at the BSs enables MU-MIMO gain, namely a BS can serve all its UEs at the same time and frequency resources, as UEs are separable in the spatial domain. The intra-cell interference to UE u ∈ U z when being served by BS b ∈ B z is
Assuming that all the BSs are always concurrently serving all their own UEs (with MU-MIMO), we have that
Clearly, inter-cell coordination can affect the choice of set A i and thereby I 2 . However, as we will show in Section VI, I 2 is very small in general for sufficiently large N BS and N UE . This interesting property reduces the importance and necessity of inter-cell coordination in large-antenna regimes. The inter-operator interference is
Then, the average rate that UE u can get from BS b can be computed from (9) . Then, the long-term rate of UE u is again r u = b∈Bz x bu r bu .
B. Optimal Association with Sharing and Full Coordination
Suppose full CSI knowledge in the entire network and full information sharing (e.g., all BSs know the analog combiners of all the UEs). Define the following effective channel matrix (processed by an analog combiner) between BS b and UE u
Then, define
and finally define the following effective channel matrix H ∈ C |U ||B|×NBS :
Suppose that UE u is being served by BS b, and that H bu has appeared in row m of H. In the MRT, the precoding vector UE u is the transpose conjugate of a row m of H. In the RZF, the precoding vector of UE u is column m of (H + cI) † . The analog combiners are then calculated using (5) .
Similar to Section III-B, we consider a logarithmic utility function f z for each operator z to ensure both high network throughput and fairness among its individual UEs, namely f z (X) = u∈Uz log b∈Bz x bu r bu . To find the optimal association, we can formulate the following multi-objective optimization problem:
subject to beamforming design (5) ,
(11c), (11d), (11e), and (11f) ,
where N r = N BS in constraint (11d). The solution of P 4 regulates long-term load balancing of the network.
Remark 7 (Complexity of P 4 ). To optimally solve P 4 , we need full coordination among all operators as well as knowledge of CSI toward all UEs at all BSs.
Remark 7 indicates that finding the optimal solution of P 4 may require formidable complexity and cost for channel estimation and for coordination. Nonetheless, it gives a benchmark on the performance of spectrum sharing schemes with digital precoders. In particular, it is easy to show that I 1 = I 2 = I 3 = 0 in the case of RZF precoding.
C. Optimal Association with Sharing and no Inter-operator Coordination
To mitigate the necessity of inter-operator CSI knowledge and coordination, we apply similar modifications to P 4 as in Section III-C. Let I 3 denote an approximation to the intercell interference I 3 . Using CSI knowledge and information exchange within one operator, each BS b calculates
and each operator z independently calculates its own effective channel H z using (17) . Then, it computes the digital precoder vectors similar to the previous subsection assuming H = H z . The analog combiners are then calculated using (5). Therefore, the beamforming design of each operator becomes independent of the others. The price, however, is a higher interoperator interference, compared to the full information sharing scenario. We pose the following optimization problem for each operator z:
(12c), (12d), and (12e) .
which can be independently solved by each individual operator in parallel. Note that Remarks 5 and 6 on the complexity and optimality of P 2 still hold here. Namely, optimization problem P 5 requires intra-operator but no inter-operator coordination; however, the performance of spectrum sharing among multiple interference-limited networks (i.e., traditional cellular networks) may be severely reduced without inter-operator coordination.
D. Practical Association with Spectrum Sharing and no Coordination
For this case, we assume that all operators are using the whole bandwidth, so W z = W . Within every operator z, UE u will be associated to BS b that can provide the highest received power. As each BS b has only CSI knowledge of its own UEs, it computes the following effective channel H bu = w UE bu * H bu , and then calculates its own effective channel H b using (17). Then, it assumes H = H z = H b and computes the digital precoder vectors similar to the previous subsections. The analog combiners are calculated using (5).
E. Optimal Association with no Spectrum Sharing
Without bandwidth sharing, each BS has W z = W/Z bandwidth, and the inter-operator interference is I 3 = 0. The effective channel is identical to (20) . By substituting W z and I 3 into (9), and the new f z (X z ) into (21), we can formulate an association optimization problem for every operator z. This optimization problem, hereafter called P 6 , is identical to (21) , and the only difference is in the calculation of the objective function. Remark 5 holds for P 6 as well.
V. ASYMPTOTIC PERFORMANCE ANALYSIS
In this section, we evaluate asymptotic behavior of spectrum sharing with analog and digital precoders. We start with the following lemma: Proof: Using the definition of antenna response given in Equation (2), a * BS (θ) and a * BS (φ) form different columns of a discrete Fourier transform (DFT) matrix as N BS → ∞. Noting that the DFT matrix is a unitary matrix, the first part of the lemma follows. For the second part, random and independent locations of the objects (BSs, UEs, and scatter) imply that θ and φ are i.i.d. absolutely continuous random variables. Therefore, θ = φ almost surely, which concludes the proof.
Lemma 1 implies that vector a BS (or a UE (θ)) with different θ creates an asymptotically orthonormal basis, which can be used as orthogonal spatial signatures. More interestingly, asymptotically, there are infinitely many such spatial signatures (realized by changing θ) almost surely, and there will be no multiuser interference if one gives different signatures to different UEs (BSs). We use this important property in the next subsections.
A. Analog Precoding
Using Lemma 1, it is easy to show the following asymptotic result for the solution of (3) Lemma 2 implies that, in the asymptotic regime, the optimal precoding and combining vectors are spatial signatures toward the strongest path between UE u and BS b. Since the channel gain may change per coherence interval, the precoding vector may change in every coherence time. However, instead of being any arbitrary vector from W BS , it can be chosen among only N bu vectors (AoDs of the channels). Similarly, the combining vector at the UE can be chosen among only N bu vectors in W UE .
Remark 8. Consider a single path between any BS-UE pairs, namely N bu = 1 for all b and u. In the limit of large N BS , large N UE , and infinite resolution for BS precoding codebook W BS and for UE combiner codebook W UE , the optimal analog precoder and combiners depend only on the second order statistics of the channel, namely AoAs and AoDs.
Noting that the second order statistics remain unchanged for many coherence times, Remark 8 describes the conditions under which analog beamforming and association can take place at similar time scales. These conditions most probably hold in mmWave networks where the wireless channel is sparse in the angular domain, and the number of antenna elements is high enough due to the small wavelength [25] . Therefore, Remark 8 has the following two implications: first, it enables the possibility of low complexity design of analog precoder and combiner (once per many coherence times), as also suggested in [11] , [20] ; second, it enables the possibility of designing the analog beamforming as a part of long-term resource allocation policies, as also suggested in [6] . We will further elaborate on Remark 8 in Section V. In the asymptotic case, we also have the following remark:
Remark 9. Suppose that perfect CSI is available. The interference components, formulated in Equations (6)- (8), vanish almost surely as either N BS → ∞ or N UE → ∞.
In general, intra-and inter-operator coordinations reduce different interference components and also balance the network load. Remark 9 suggests that intra-and inter-operator coordinations brings no additional gain to the interference reduction in the large antenna regime. Zero inter-operator interference implies that f z (X) = f z (X z ), and therefore optimization problem P 1 can be decomposed into Z independent optimization problems, one for each operator, with no penalty on the performance. In other words, P 1 and P 2 give the same optimal association solution, which leads to the following conclusion: if either N BS → ∞ or N UE → ∞, the performance of a system with full inter-operator coordination becomes identical to that with no such coordination. Nonetheless, intra-operator coordination can be still beneficial due to the load balancing gain. 3 
B. Digital Precoding
As the UEs are still using an analog combiner, all the Lemmas and Remarks of the previous subsection hold for the UE, namely they are valid as N UE → ∞. In particular, we have the following remark:
Remark 10. Consider the mmWave channel model in Equation (1). In the limit of large N UE and infinite resolution for combining codebook, w UE bu = a UE θ BS b u n * , where n * = arg max n |g b u n |.
The proof of this remark is very similar to the proof of [24, Corollary 4] , which is essentially based on the asymptotic orthogonality of the spatial signatures (Lemma 1), and therefore it is omitted. Remark 10 implies the following important property:
Remark 11. Suppose N bu = 1 for all b ∈ B and u ∈ U. In the limit of large N UE , large N BS , and infinite resolution for combining codebook, both MRT and RZF precoders provide the same rate, which is equal to the maximum achievable rate, obtained by dirty paper coding. This is valid for all information sharing scenarios: full coordination, only intraoperator coordination, and no coordination scenarios.
Proof: If the channels among one BS and all other UEs in the entire network become orthogonal, then inverting the channel matrix (RZF) becomes a rotation operation (MRT). This implies similar asymptotic performance for MRT and RZF. Moreover, there is no loss in the channel inversion in this case. So, the achievable rate of BS b (with both MRT and RZF) can linearly increase with A b , which is as promised by dirty paper coding. To complete the proof, we only need to show orthogonality of the channels as N BS → ∞. If we represent channel model (1) in the matrix form
where A UE bu and A BS bu contain the array response vectors toward all the AOAs and AoDs, and G bu is a diagonal matrix with the corresponding path gains. Then,
is almost surely a zero matrix if N BS → ∞; see Lemma 1. This implies almost sure orthogonality of the channels, which completes the proof.
As illustrated in its proof, the main reason for Remark 10 is the orthogonality of spatial signatures of individual BS-UE pairs. This orthogonality appears also in the massive MIMO scenarios [27] and in massive UEs scenarios [28] , where we can always find a subset of UEs (among infinitely many of them) with orthogonal channels. In all these cases, both MRT and RZF are optimal.
Remark 12. For an interference-free network, optimization problems P 1 and P 2 have the same solution. This holds also for P 4 and P 5 , under interference-free networks.
So far, we used ideal channel estimation, beamforming, and coordination schemes, with the aim of providing upper bounds on the performance of spectrum sharing. In the next subsection, we discuss the impact of real-world effects on the performance of spectrum sharing.
C. Impact of Quantized Codebooks, Imperfect CSI, and Limited Feedback
Our asymptotic analysis assumes precoding and combining codebooks (W BS and W UE respectively) of infinite resolution to find the precoding and combining vectors in closed-form and to obtain useful insights on the ultimate performance. In practice, due to the constraints of RF hardware, including the availability of quantized angles for RF phase shifters, only quantized beamforming codebooks are feasible. However, the simulation results in [29] indicate that the precoding gain is not very sensitive to angular quantization. Therefore, we argue that for the purpose of analyzing the performance of spectrum sharing systems in the asymptotic regime, the infinite resolution codebook assumption does not introduce a significant error to the problem, and the ultimate insights are valid even for a codebook with finite resolution (assuming a sufficient resolution).
Also, recall that the problem of finding the precoding and combining vectors when using analog and fully digital precoding, formulated in (3) and (5), requires perfect CSI knowledge. In practice, channel estimation in mmWave systems is difficult, because of the large channel dimensions and because the channel is seen at the baseband through the RF (analog) domain. However, recent works exploiting the sparsity of the channel developed compressed sensing-based techniques that can be leveraged to acquire CSI both at the transmitter and at the receiver [30] .
As it is visible in the geometric channel model (1), estimating the mmWave channel implies estimating the parameters (AoA, AoD and random channel gain) of the N bu propagation paths between the BS and the UE. To this end, several previous works proposed channel estimation algorithms applicable for single-path and sparse multi-path mmWave channels [31] , [29] . Performance studies in [29] indicate that hybrid analog/digital precoding algorithms for downlink multi-user mmWave systems that assume the availability of a limited feedback channel between the UE and the BS achieve good performance compared to the digital unconstrained precoding schemes. Therefore, although the precoding algorithms developed in our paper assume perfect channel knowledge, the obtained numerical results in the next section can be regarded as reasonable upper bounds on the achievable rates.
Finally, in practice, a BS using hybrid analog/digital precoding and a large antenna array to serve multiple UEs needs a feedback channel to acquire CSI at the transmitters and at the receivers. Due to recent advances in limited feedback hybrid precoding systems, the capacity of the feedback channel is not expected to form a bottleneck in single path or sparse multipath mmWave systems [29] - [31] . The investigation of the inherent trade-off between the training and feedback overhead and achievable performance in spectrum sharing systems is left for future studies.
VI. NUMERICAL RESULTS
In this section, we numerically illustrate the feasibility of spectrum sharing at mmWave networks. We assume that BSs and UEs are randomly uniformly distributed on the plane. Without loss of generality, we assume four operators, and a total bandwidth of 2 GHz. We consider three bandwith sharing scenarios:
• Exclusive: each operator uses a 500 MHz exclusive bandwidth; • Partial bandwidth sharing: operators 1 and 2 share the first 1 GHz, and operators 3 and 4 share the second 1 GHz; and • Full bandwidth sharing: all operators share the whole 2 GHz bandwidth. We recall that we use an ideal coordination scheme. In particular, we consider a centralized coordination approach where a central entity collects all the required information, solves the association optimization problem, and broadcasts the solution. Moreover, we assume that all BSs are synchronized, and that there is no delay in the interface between the BSs and the central entity. We also consider 6 RF chains at each BS and only one RF chain at each UE. Unless otherwise mentioned, we consider 32 GHz carrier frequency, a BS density of 100 BSs/km 2 for every operator, a user density of 600 UEs/km 2 , and 25 dBm total transmission power at each BS. For the spectrum sharing scenarios with no inter-operator coordination (P 2 and P 4 ), we consider I 3 = 0 and then find the optimal association. We simulate 100 random topologies and find the optimal association and beamforming for every topology. 
A. Analog Precoding
We first study the performance of full information and bandwidth sharing scenario with analog precoding, i.e., optimization problem P 1 . Fig. 3(a) illustrates the average interference level, normalized to the noise power. Generally, interoperator interference is the dominant term in the aggregated interference, as more BSs are contributing to this term. All the interference components vanish when N BS grows large, as predicted in Remark 9. Moreover, the number of antennas at the UEs has a complementary effect to the number of BS antennas. In particular, a network with (N BS = 256, N UE = 64) has a lower interference than a network with (N BS = 1024, N UE = 16). It suggests that adding a few more antennas at the UEs may have the same effect as adding a large number of antennas at the BSs. Fig. 3(b) shows the average rate of the UEs against the number of BS antennas. Increasing either N BS or N UE improves the average rate due to both higher antenna gains and lower multiuser interference, but at a logarithmic speed. In other words, for high enough SINR, adding more antenna elements may bring negligible rate improvement. To further enhance the rate, we can either transmit parallel streams to one UE or add more bandwidth to the system. Fig. 4 depicts the complementary cumulative distribution function (CCDF) of the UEs rates achieved by the association of P 1 and that by the P 3 . From this figure, the benefits of spectrum sharing are seen to heavily depend on the number of antenna elements both at the BSs and at the UEs. In the example of this paper, spectrum sharing is not beneficial with relatively small N BS and N UE . However, with sufficiently large antenna arrays, spectrum sharing would be beneficial for the majority of the UEs, as can be seen from the (N BS = 512, N UE = 32) curve. The main reason is that, though asymptotically able to cancel multiuser interference, a pure analog beamforming does not have a good interference rejection performance in the nonasymptotic regime, as opposed to the digital precoding case. Fig. 5 illustrates the gain of partial and full bandwidth sharing w.r.t. an exclusive spectrum allocation, under the assumption of no inter-operator coordination. We show the 5th, 50th, and 95th percentiles of the UE downlink rates. We observe in Fig. 5(a) that most UEs suffer from spectrum sharing. Full bandwidth sharing leads to the worst performance for the 5th percentile UEs and (for the case of full sharing) for the 50th percentile UEs, which is due to a high interoperator interference. In Fig. 5(b) , we repeat the previous comparison under the assumption of having a sufficiently large number of antennas both at the UEs and at the BSs. In this case, both partial and full sharing enhance the 5th, 50th, and 95th percentiles compared to the baseline (i.e., exclusive). This figure suggests that spectrum sharing may be harmful especially for signals that will be transmitted/received with large beamwidths. Examples of these signals include broadcast control messages. Since these signals usually have low SINR due to lack of antenna gains, they should be protected from the adverse effect of spectrum sharing, e.g., by exclusive resource allocation for those critical signals. Fig. 6 shows the impact of the operating frequency and the BS density on the spectrum sharing performance, under different information sharing scenarios. We consider transmissions at 32 GHz and 73 GHz. We keep the dimension of the antenna array constant as a function of the frequency, i.e., at 73 GHz we consider twice the antenna elements w.r.t. 32 GHz, at both BSs and UEs. The baseline is an exclusive spectrum allocation with optimal association (P 3 ), for different values of the BS density: 50 and 200 BSs/km 2 (corresponding to a cell radius of 80 m and 39 m, respectively). We note that increasing the BS density of individual operators exacerbates the multiuser interference and reduces the benefits of spectrum sharing. This performance reduction is more prominent in the scenarios with no inter-operator coordination (P 2 and RSSI), as the inter-operator interference has a major role; see Fig. 3(a) . At 73 GHz, larger antenna arrays help form narrower beams, which in turn leads to less multiuser interference. Therefore, a mmWave communication at 73 GHz is less sensitive to the inter-operator coordination, which is only for the sake of interference rejection. However, still intra-operator coordination is beneficial, mostly because it enables load balancing within an operator. The UE rate performance of a network with RSSIbased association suffers from some highly loaded BSs, in addition to intra-and inter-cell interference.
B. Digital Precoding
Assuming full bandwidth and information sharing (P 4 ), Fig. 7 compares the performance of spectrum sharing when using different precoding schemes. Generally, the average rate of the UEs increases with the number of antenna elements in both precoding strategies. Particularly, in the RZF precoder, this rate enhancement is mainly due to higher antenna gains. In the MRT precoder, it is primarily due to both higher antenna gains and lower multiuser interference. Again, UE antennas has a complementary effect to the number of BS antennas, and a few more antennas at the UEs can maintain the same performance as adding many antennas to the BSs. Moreover, the RZF precoder outperforms the MRT precoder, as it completely cancels all the interference components. The performance gap, however, vanishes when either N BS or N UE grows large; see also Remark 11. Fig. 8 illustrates the effect of inter-operator coordination and BS density on the 5th and 50th UE rates percentiles, assuming RZF precoding. The baseline is the UE rate achieved by the optimal association with exclusive bandwidth allocation P 5 . The benefits of using digital precoding with full information sharing (P 4 ) is evident in the 5th percentile of the UE rates when compared to that in Fig. 6(a) . The main reason is that the RZF precoder can completely cancel all the interference terms, which protects the weakest UEs (5th percentile) from inter-operator interference after spectrum sharing. This protection becomes weaker when using analog precoding (in the non-asymptotic regime). Nonetheless, we note that the design of the optimal analog precoder may need only secondorder statistics of the channel (Remark 8), which imposes substantially less overhead on the channel estimation procedure. Higher BS density corresponds to stronger multiuser interference components, which can be entirely canceled in P 4 . In P 4 , we cannot cancel the inter-operator interference, leading to a significant performance drop in 5th percentile compared to P 5 . This performance drop between P 4 and P 5 reduces as the SINR of the UEs increases (50th percentile). Again, the RSSI-based association approach has the poorest performance and can lead to some overloaded BSs, and therefore very low UE rates.
VII. CONCLUDING REMARKS
Sharing the spectrum among multiple operators can provide larger bandwidth to individual UEs at the expense of increased inter-operator interference. The typical characteristics of mmWave systems such as high penetration loss and directional communications both at the transmitter and at the receiver may overcome such problem and potentially enable large benefits. In this paper, we investigated the extent of these benefits by posing an optimization framework based on a joint beamforming design and BS association with the objective of maximizing the long-term throughput of the UEs. Specifically, the developed mathematical framework allows quantifying the values of 1) beamforming, 2) coordination, 3) bandwidth sharing, and 4) infrastructure sharing. We then analyzed the values of these parameters in the asymptotic regimes.
The results of the optimization framework presented in the paper indicate that, under the assumption of ideal channel estimation, both analog and digital precoding schemes can well realize spectrum sharing, even though digital precoder has a superior performance. Larger antenna arrays either at the BSs or at the UEs improve the performance of spectrum sharing by reducing the interference components. Coordination has two effects: 1) balancing the network load within an operator, 2) reducing the intra-and inter-operator interference. As the number of antennas grows large, the importance of interoperator coordination vanishes, as large antenna arrays can cancel interference. Still, intra-operator coordination is beneficial due to the load balancing gain. In the non-asymptotic regime, inter-operator coordination is beneficial in very dense deployments and for the weakest (5th percentile) UEs. Moreover, coordination is more critical at 32 GHz than at 73 GHz, due to the fact that beamforming by itself is not sufficient to protect the weakest users from inter-operator interference. We note that, while in this study we consider a centralized coordination scheme, the impact of more realistic (for instance, distributed) coordination approaches should be further studied. This indicates that another critical enabler is a reliable control channel for exchanging coordination information.
This paper was ultimately motivated by the need to understand the performance gains of spectrum sharing in mmWave communications and the values of beamforming and coordination. The results suggest that it may not be needed to pre-assign the spectrum to cellular operators (exclusive allocation) as done in the past of traditional cellular wireless systems. Therefore, the results of this paper and the proposed framework for analysis will be very useful for future standardizations and spectrum policy in mmWave frequencies.
Although we focused on stand-alone mmWave wireless networks in this paper, the proposed framework can be naturally used to model various kinds of spectrum sharing scenarios such as coexistence of microwave and mmWave networks, of backhaul and access networks, and of cellular and device-to-device networks. Future work will be devoted to the investigation of non-ideal assumptions on spectrum sharing, such as pilot contamination, imperfect channel estimation, UE mobility, and distributed beamforming and association methods.
